AN INEQUALITY FOR GENERALIZED CHROMATIC 

GRAPHS 



ASEN BOJILOV AND NEDYALKO NENOV 

Abstract. Let G be a simple n- vertex graph with degree sequence 
di, d,2, ■ ■ ■ , d n and vertex set V(G). The degree of v G V(G) is denoted 
by d(v). The smallest integer r for which V(G) has an r-partition 

v(G) = ViUV 2 u---uv r , Vir\Vj = 0, ,i=£j 

such that d(v) < n— \Vi\, V« € Vi, i = 1, 2, . . . , r is denoted by <p(G). In 
this note we prove the inequality 

¥>(G) > 

n — d 

, = / df + d| + ■ ■ ■ + dl 

where a = \ . 

V n 



1. Introduction 

We consider only finite, non-oriented graphs without loops and multiple 
edges. We shall use the following notations: 
V(G) - the vertex set of G; 
e(G) - the number of edges of G; 
cl(G) - the clique number of G; 
x(G) - the chromatic number of G; 
N(u), v S V(G) — the set of neighbours of a vertex v; 

k 

N(v h v 2 ,...,v k ) = p|N«); 

i=i 

d(v) - the degree of a vertex v; 

G[V], V C V(G) - induced subgraph by V. 

Definition 1. Let G be a graph, |V(G)| = n and V C V(G). T/ie sei F is 
called a 5-set in G, if 

d{v) < n — \V\ for all v € V. 

Clearly, any independent set V of vertices of a graph G is a <5-set in G 
since N(v) C V(G) \ V for all v € V. It is obvious that if V C V(G) and 
|V| > max{(i(w) | u G V(G)} then V(G) \ F is a 5-set in G (it is possible 
that V(G) \ V is not independent). 
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2 ASEN BOJILOV AND NEDYALKO NENOV 

Definition 2. A graph G is called a generalized r-partite graph if there is a 
r -partition 

V(G) = Vi U V 2 U ■ ■ ■ U V r , v i nv j = ^, 

where the sets Vi,V 2 , . ■ ■ ,V r are 5-sets in G. The smallest integer r such 
that G is a generalized r-partite is denoted by <p(G). 

As any independent vertex set of G is a 5-set in G, we have f(G) < x(G). 
In fact, the following stronger inequality [10J 

(1) ip(G) < cl(G) 

holds. 

Let V(G) = {v\,V2, ■ ■ ■ ,v n } and cl(G) = r. Define 



- = d{vi) + d{v 2 ) + --- + d(v n ) =^ Jd 2 (v 1 ) + d 2 (v 2 ) + --- + d 2 (v n ) 



n V n 

By the classical Turan Theorem, [IT] (see also [5]) we have 

(2) < 

The equality in ([2]) holds if and only if n = (mod r) and G is complete 
r-chromatic and regular. 
It is proved in [6] that 

According to (UJ the inequality ([3|) is stronger than the inequality ([2]). 
But in case of equality in ([3]) the graph G is not unique as it is in the Turan 
theorem. 

Since d(G) = — - — -, it follows from (T3l) that 
n 

(4) V (G) > —^TTTy 

n — d[G) 

In this note we give the following improvement of the inequality (jTJ) . 
Theorem 1. Let G be a n-vertex graph. Then 

(5) <f{G) > . 

n — d(G) 

The equality in §5§ holds if and only if n = (mod <p(G)) and G is regular 
nfr(G) - 1) 



graph of degree 



2. Auxiliary results 



We denote the elementary symmetric polynomial of degree s by o~ s (xx, x 2 , ■ ■ ■ 
1 < s < n, i. e. 



a s (x 1 ,x 2 , ...,x n ) = xix 2 ...x s -\ . 

Further, we will use the following equalities: 

(6) xj + xl-\ h x 2 n = o\ - 2a 2 , 

(7) xf + XgH Vxl = erf - 3ai a 2 + 3<t 3 , 
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where Ui = Ui(xi,x 2 , ■ ■ ■ ,x n ). 

In order to prove Q] we will use the following well known inequality (par- 
ticular case of the Maclaurin inequality, see ,[2], [3]). 

Theorem 2. Let xi,x 2 , . . . ,x n be non-negative reals and a s (xi,x 2 , • • • , x n ) = 
ov Then 



ro , [OT X!+X 2 ~\ h x n CJl 

(8) m~ n = n< 

If s > 2, then the equality in (JSj) holds iff x\ = x 2 = ■ ■ ■ = x n . 
A straight and very short prove of Theorem [2] is given in [lj . 

3. Proof of the Theorem Q] 
Let tp(G) = r, V(G) = {vi, v 2 , ... , v n } and 

(9) v(G) = v 1 uv 2 u---uv r , v i nv j = d>, i^j, 

where Vi, V 2 , . . . , V r are <5-sets in G, i.e. i£ rii = \V{\, i = 1, 2,. . . , r then 

(10) d(y)<n-rii, W G Vi. 
It follows from (P that 

r 

rf 2 (^i) + d 2 (v 2 ) + ■■■ + d 2 (v n ) = E E d2 w- 

According to (fTUj) 

E rf2 ( u ) - n *( n ~ n *) 2 - 

Thus we have 

r 

d 2 (t;i) + d 2 (v 2 ) + ■■■+ d 2 {v n ) < E n *( n ~ n if ■ 

i=i 

From (J6j) and ([7]) we see that 

r 

E - n «) 2 = nc7 2 + 3fT 3 , 

i=l 

where a 2 = a 2 (ni,n 2 , . . . ,n r ), <t 3 = a 3 (ni,n 2 , . . . ,n r ). 
Thus we obtain the inequality 

(11) d 2 { Vl ) + d 2 (v 2 ) + ■■■ + d 2 (v n ) < na 2 + 3a 3 . 
Since o\ = n, Theorem [2] yields 

, . n 2 (r — 1) , n 3 (r — l)(r — 2) 

(12) o~ 2 < — V - and a 3 < —± >-. 

Now the inequality ([5]) follows from pip and (|12p . 

Tt(v — 1) 

Obviously, if n = (mod r) and d(vi) = dfe) = • • • = d(v r ) = 

r 

we have equality in ([5]). Now, let us suppose that we have equality in 



ASEN BOJILOV AND NEDYALKO NENOV 



inequality ©. Then we have equality in (|12p and (jlOp too. From r = 

Tl 

<p(G) = s it is clear that r divides n. By Theorem [21 we have 

n — d 

n 

n\ = ri2 = ■ ■ ■ = n r = — . 

r 

Because of the equality in (QUI), i- e. d(v) = n — n,, v G Vi, we have 

d( Vl ) = d(v 2 ) = ■■■ = d(v r ) = n(r ~ 1) . 

r 

Theorem [1] is proved. 

4. Some corollaries 

Definition 3 ([5]). Let G be a graph and v\, i>2, ■ ■ ■ , v r G V(G). The se- 
quence vi, V2, ■ ■ ■ , v r is called an a-sequence in G if the following conditions 
are satisfied: 

(i) d(vx) =m&n{d(v) | v £ |V(G)}; 

(ii) Vi G N[ui,«2, • • • , Vi-i] and V{ has maximal degree in the induced sub- 
graph G[N(«i, V2, • • • , Vi-i], 2 < i < r. 

Definition 4. Let G be a graph and v\, V2, ■ ■ ■ , v r G V(G). T/ie sequence 
vi,v 2 , ■ ■ ■ ,v r is called a (3 -sequence in G if the following conditions are sat- 
isfied: 

(i) d(vt) = m&x{d(v) | v G | V(G)}; 

(ii) Vi G N(vi,v 2 , ■ ■ ■ ,Vi-i) andd(vi) = max{d(v) \ v G N(ui,u 2 , . . . 
2<i<r. 

Corollary 1. Let v±, 1)2, ■ ■ ■ , v r , r > 2 be an a- or a (3-sequence in an n- 
vertex graph G such that N(ui,U2, ■ ■ ■ , v r ) is a 5 -set. Then 

(13) r > 



n — d 

Proof. Since N(v±,V2, ■ ■ ■ ,v) is a 5-set, G is a generalized r-partite graph, 
[9]. Thus, r > <p(G) and (|13p follows from Theorem [TJ □ 

Corollary 2. Let v±, v 2 , . . . , v r , r > 2, be a (3 -sequence in n-vertex graph G 
such that 

(14) d{v x ) + d(v 2 ) + ■■■ + d(v r ) < (r - l)n. 

Then the inequality (|13p holds. 



Proof. From ([Tl]) it follows that G is a generalized r-partite graph ( [7J , [8 J ) . 

□ 

The next corollary follows from (TjJ and Theorem [TJ 
Corollary 3 QlJ). Let G be an n-vertex graph. Then 

71 

(15) cl(G) > - = . 

n — d 

Remark 1. The prove of the inequality (|15|) given in [TJ is incorrect, since 
the arguments on p. 53, rows 8 and 9 from top, is not valid. 
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Corollary 4. Let G be an n-vertex graph such that 
(16) cl(G) 



n — d 

Then G is regular and complete cl(G)- chromatic graph. 

Proof. Let <p(G) = r. By (|16p . ([T|) and Theorem [1] we have 

n 

cl(G) = <p(G) = r 



n — d 

Ttir — 1) 

By Theorem [TJ n = (mod r) and G is a regular graph of degree . 

Thus 

_ n 2 (r-l) _ n 2 (cl(G) - 1) 
[ ' 2r 2cl(G) ' 

According to Turan Theorem, G is complete r-chromatic and regular. □ 
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